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Abstract

A new procedure for Fourier transform with respect to more than one time variable simultaneously is proposed for NMR data pro-
cessing. In the case of two-dimensional transform the spectrum is calculated for pairs of frequencies, instead of conventional sequence of
one-dimensional transforms. Therefore, it enables one to Fourier transform arbitrarily sampled time domain and thus allows for analysis
of high dimensionality spectra acquired in a short time. The proposed method is not limited to radial sampling, it requires only to fulfill
the Nyquist theorem considering two or more time domains at the same time. We show the application of new approach to the 3D
HNCO spectrum acquired for protein sample with radial and spiral time domain sampling.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The multidimensional NMR spectroscopy provides un-
ique source of information about biomolecular structure,
interactions, and dynamics. The conventional way to gen-
erate N-dimensional NMR data sets with (N � 1) indirectly
sampled time domains is to acquire a one-dimensional
spectrum for each combination of equally spaced indirectly
sampled evolution times. It allows consecutive application
of standard one-dimensional Fourier transform (FT) [1]
Eq. (1) with respect to N separate evolution times.

SðxÞ ¼
Z 1

�1
dtf ðtÞ expð�ixtÞ. ð1Þ

Assuming that each transformation requires m data points,
it is necessary to acquire mN�1 of one-dimensional FIDs.
In consequence, the time of experiment increases rapidly
with number of dimensions. Therefore, the minimal possi-
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ble measurement time is rather sampling than sensitivity
limited [2]. In the last few years, a number of new ideas
leading to the acceleration of the acquisition of multidi-
mensional data sets have been proposed [3–6]. The new
approaches involve: spatially encoded chemical shift evolu-
tion followed by spatially resolved acquisition [7], recon-
struction of multidimensional spectra from the sets of
projections (projection reconstruction—PR) [8], and new
variants of reduced dimensionality (RD) techniques
[9,10]. Additionally, several different processing approach-
es designed for non-Fourier processing or interpolation of
sparsely sampled multidimensional NMR data sets were
proposed [11–13]. All these methods are based on the
transformation of reduced quantity of data. Because sig-
nal-to-noise ratio increases with the number of acquired
data points, it is obvious that it decreases in the case of
sparse sampling. Therefore, this kind of methods can be
used only when achievable resolution is limited only by
experiment time.

The above-mentioned RD as well as PR methods are
in fact founded on the idea of Accordion Spectroscopy
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[14]. Both employ the radial sampling of two or more
evolution times by setting simultaneously evolution times
to: t1 = R sin (/) and t2 = Rcos (/), where R and / are the
radius length and angle in polar t1/t2 coordinates system,
respectively. However, the methods differ. While in the
case of the PR methods the high dimensionality spectrum
is reconstructed and could be analyzed in a standard man-
ner, the RD data sets still require evaluation of resonance
frequencies from apparent peak positions in spectrum
which is not always straightforward in crowded spectra,
even with full quadrature, i.e., determination of sign of
all involved frequencies which simplify spectrum and en-
ables editing. The extraction of information from the
RD spectra might be performed by solving of system of
linear equations for each peak [9,10] or by using more
complex procedures, as for example iterative frequency
identification [15,16].

Conventional FT of multidimensional data sets is given
by a multidimensional integral which in 2D case could be
described as:

Sðx1;x2Þ ¼
Z 1

�1
dt1

Z 1

�1
dt2 f ðt1; t2Þ expð�ix1t1Þ

� expð�ix2t2Þ ð2Þ

it is in fact realized by a sequence of one-dimensional inte-
grals. Algorithm of discrete data processing is to calculate
first integral (which corresponds to a sum in discrete case):

Sðt1;x2Þ ¼
Xt2 max

t2¼0

f ðt1; t2Þ expð�ix2t2Þ ð3Þ

and then the second one:

Sðx1;x2Þ ¼
Xt1 max

t1¼0

Sðt1;x2Þ expð�ix1t1Þ. ð4Þ

Such procedure can be carried out with the data sampled
conventionally, i.e., performed in a way allowing one sep-
arate transformation with respect to one evolution time
with the second kept constant. On the other hand, the
1D transformation of radial sampled data (where t1 is
directly proportional to t2) from the RD or PR experiment
is given by Eq. (1) with only one integral, and gives a pro-
jection spectrum of sums and differences of involved fre-
quencies. In the latter case, selection of spectra either
with sums or differences of frequencies could be obtained
by application of quadrature detection rules, i.e., by
recording and appropriate combination of all possible
sine/cosine modulated data sets [9,10].

In this communication, we propose the application of
FT with respect to two or more time variables as a reliable
procedure for the processing of multidimensional NMR
data sets in a single step. It is more general than inverse Ra-
don transform [17] which is limited for processing of radial
sampled data sets and circumvents the difficulties associat-
ed with analyzing of reduced dimensionality spectra. Our
approach to FT of multidimensional NMR data is different
in two important points. First difference is the algorithm of
calculating transform integral. Instead of making sequence
of two summations, equivalent to transition:
f ðt1; t2Þ!

FT 1 S1ðt1;x2Þ!
FT 2 Sðx1;x2Þ we could calculate two

integrals over time space for each pair of frequencies, i.e.,
real discrete cosine transform of signal f (t1, t2) = cos(X1t1)
cos (X2t2) is given by:

Sðx1;x2Þ ¼
Xt1 max

t1¼0

Xt2 max

t2¼0

f ðt1; t2Þ cosðx1t1Þ cosðx2t2Þ. ð5Þ

In other words for each pair of frequencies (x1,x2), inside
of the spectral range, the product of time domain signal
f (t1, t2) and cos (x1t1)cos (x2t2) should be calculated for
each point of evolution time space (t1 and t2) and summed.
Note that this is natural two-dimensional extension of a
standard 1D FT, where for one x variable summation
along one evolution time is required.

In the case of single indirectly detected time domain,
the standard States [18] or States-TPPI [19], procedures
to obtain quadrature detection and pure absorption line-
shapes, are the methods of choice. In both cases, record-
ing of the two amplitude modulated data sets, cos (Xt1)
and sin (Xt1), respectively, is required. However, in the
case of phase modulation in t1, which is usually obtained
using gradient echo- and anti-echo coherence selection, in
sensitivity-enhanced sequences [20–22] or TROSY [23,24]
experiments, the amplitude modulation should be rees-
tablished prior to Fourier transformation. The cos (Xt1)
and sin (Xt1) amplitude modulated interferograms are cal-
culated as the sum and difference of echo- and anti-echo
data sets, respectively, followed by p/2 phase correction
along the directly detected time domain. The cosine
and sine modulated interferograms correspond to sym-
metric and antisymmetric spectra in frequency domain
and are used for Fourier transform as real and imagi-
nary parts, respectively. Consequently, in the case of
any NMR experiment with N indirectly measured dimen-
sions it is necessary to achieve 2N differently modulated
functions of evolution times. In the reduced dimensional-
ity spectra the full quadrature and all possible frequency
signs could be obtained by the linear combination of ac-
quired data sets followed by the usual complex Fourier
transform [9,10].

In the general 2D NMR experiment, according to the
above-mentioned rules of quadrature detection, the four
differently modulated data sets should be recorded. Their
transforms could be described as:

f ðt1; t2Þ ¼ cosðX1t1Þ cosðX2t2Þ ! Sðx1;x2Þ

¼
Xt1 max

t1¼0

Xt2 max

t2¼0

f ðt1; t2Þ cosðx1t1Þ cosðx2t2Þ; ð6aÞ

f ðt1; t2Þ ¼ cosðX1t1Þ sinðX2t2Þ ! Sðx1;x2Þ

¼
Xt1 max

t1¼0

Xt2 max

t2¼0

f ðt1; t2Þ cosðx1t1Þ sinðx2t2Þ; ð6bÞ
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f ðt1; t2Þ ¼ sinðX1t1Þ sinðX2t2Þ ! Sðx1;x2Þ

¼
Xt1 max

t1¼0

Xt2 max

t2¼0

f ðt1; t2Þ sinðx1t1Þ sinðx2t2Þ; ð6cÞ

f ðt1; t2Þ ¼ sinðX1t1Þ cosðX2t2Þ ! Sðx1;x2Þ

¼
Xt1 max

t1¼0

Xt2 max

t2¼0

f ðt1; t2Þ sinðx1t1Þ cosðx2t2Þ. ð6dÞ

In order to find exact value and sign of X1 and X2 frequen-
cies, the above terms should be combined in the following
way:

Xt1 max

t1¼0

Xt2 max

t2¼0

f ðt1; t2Þ cosðx1t1Þ cosðx2t2Þ

�
Xt1 max

t1¼0

Xt2 max

t2¼0

f ðt1; t2Þ cosðx1t1Þ sinðx2t2Þ

þ
Xt1 max

t1¼0

Xt2 max

t2¼0

f ðt1; t2Þ sinðx1t1Þ sinðx2t2Þ

�
Xt1 max

t1¼0

Xt2 max

t2¼0

f ðt1; t2Þ sinðx1t1Þ cosðx2t2Þ. ð7Þ

The above solution is natural extension of quadrature in
1D case which is described by real part of complex FT
Eq. (1). To find the form of above sum, the quaternion,
rather than complex FT, should be considered, which is
the second difference in comparison to established in
NMR spectroscopy and imaging solutions.

Quaternions [25] are four-dimensional non-commuta-
tive extension of complex numbers (which represent 2D
vector) and FT acting on them is used for example in image
processing [26,27], instead of complex FT. Quaternion rep-
resentation Q of vector (x0,x1,x2,x3) is:

Q ¼ x0 þ ix1 þ jx2 þ kx3; ð8Þ

where i2 = j2 = k2 = �1 and ij = �ji = k, jk = �kj = i, and
ki = �ik = j.

Now neglecting relaxation terms, we could consider 2D
time domain signal as:

f ðt1; t2Þ ¼ expð�iX1t1Þ expð�jX2t2Þ
¼ cosðX1t1Þ cosðX2t2Þ � i sinðX1t1Þ cosðX2t2Þ
� j cosðX1t1Þ sinðX2t2Þ þ k sinðX1t1Þ sinðX2t2Þ.

ð9Þ

The Quaternion FT is then given by the integral which dif-
fer from Eq. (2) by the second imaginary unit j:

Sðx1;x2Þ ¼
Z Z

dt1 dt2 expð�ix1t1Þf ðt1; t2Þ

� expð�jx2t2Þ. ð10Þ

Its real part is simple to calculate, from the four stan-
dard data sets measured using the rules of quadrature
detection:
Re ½Sðx1;x2Þ�

¼
Z Z

dt1 dt2 cosðX1t1Þ cosðX2t2Þ cosðx1t1Þ cosðx2t2Þ

�
Z Z

dt1 dt2 cosðX1t1Þ sinðX2t2Þ cosðx1t1Þ sinðx2t2Þ

�
Z Z

dt1 dt2 sinðX1t1Þ cosðX2t2Þ sinðx1t1Þ cosðx2t2Þ

þ
Z Z

dt1 dt2 sinðX1t1Þ sinðX2t2Þ sinðx1t1Þ sinðx2t2Þ.

ð11Þ

It should be noted that this result could not be obtained
from Eq. (2) applied to complex 2D NMR signal of
exp(�iX1t1) exp(�iX2t2).

The solution given in Eqs. (10) and (11) provides no
restrictions to sampling procedure except one: there re-
mains only the necessity to fulfill Nyquist theorem. In a
2D case the proper sampling of 2D signal in the range of
sw1 and sw2 spectral widths requires measurements of
points of evolution time space which coordinate differences
(s1,s2) fulfill the condition:

sw1s1 þ sw2s2 < 1. ð12Þ

This approach to the FT is fully scalable and the addition
of third sampled evolution time would simply double the
number of components in Eq. (11). It would also require
performing calculations for each S (x1,x2,x3) point.

We decided to apply the FT as described above for pro-
cessing of the 3D HNCO spectra measured for doubly la-
beled 15N,13C-ubiquitin sample using radial and spiral
sampling of t1,t2 space. Therefore, we employed a standard
1D FT with respect to t3, followed by the 2D Quaternion
FT with respect to t1 and t2 calculated for each x3 frequen-
cy point. We sampled data only for 0 6 / 6 p/2 angles in
polar coordinate system, since the data for negative evolu-
tion times are equivalent to inversion of the imaginary part
of the respective signal. The data were collected using stan-
dard pulse sequence, modified only by setting t2 and t1 evo-
lution times as defined in Eqs. (13) and (14) for the radial
and spiral sampling, respectively, and incrementing R.

t1 ¼ R sinð/Þ; t2 ¼ R cosð/Þ; ð13Þ
t1 ¼ Rj sinð/Þj; t2 ¼ Rj cosð/Þj; / ¼ aR. ð14Þ

In the case of spiral sampling, we doubled number of time
domain data points using both possible directions, i.e., the
second was obtained by reversing of t1 and t2. The compar-
ison of obtained F1F2 planes for x3 (1H) = 8.81 ppm is giv-
en in Fig. 1. It is clearly visible that the spectra obtained by
Fourier transform of radial and spiral sampled t1/t2 do-
main data (Figs. 1B and C), respectively, give rise to proper
spectra and retain the full information of conventional 3D
spectrum (Fig. 1A) while the measurement time could be
significantly shortened. However, as shown in Fig. 2 which
compares slices with lower contour levels (for the spiral



Fig. 1. Comparison of F1/F2 planes for x3 (1H) = 8.81 ppm. (A) Conventional HNCO; (B) radial sampled HNCO, three projection angles of 4.5�, 45�, and
85.5�; (C) spiral sampled HNCO, / incremented by 40.4� in both directions for each R value, according to Eq. (11). Measurement time of 10 h 34 min
(1600 t1/t2 data points), 1 h 35 min (240 t1/t2 data points), and 1 h 3 min (160 t1/t2 data points), for spectra presented in (A), (B), and (C), respectively.

Fig. 2. Comparison of F1/F2 planes with increased intensity scale (A), and (B) radial and spiral sampled spectra, respectively. The scale of slice (B) is ca.
fivefold larger. The plane of x3 (1H) = 6.28 ppm with single signal was chosen for clear comparison.
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sampled spectrum threshold is ca. fivefold lower), Fourier
transformation of radial sampled interferogram (Fig. 2A)
is much more prone to artifacts than spectrum obtained
from spiral data (Fig. 2B). For the clarity of comparison
the slice with only one signal was chosen. The resolution
achieved in all three spectra is very similar, however, the
signal-to-noise ratio of spiral sampled HNCO in approxi-
mately 1 h is 4–5 times weaker than obtained for conven-
tional 10.5 h HNCO. This result is worse than expected
from comparison of the number of measured t1/t2 data
points, i.e.,

ffiffiffiffiffi
10
p

, which might be explained by the artifacts
introduced by sampling scheme.

The influence of distribution of time domain data points
into appearance of artifacts in transformed spectrum is
illustrated in Fig. 3. All plots are obtained using Fourier
transform defined in Eq. (7), with the same number of sim-
ulated data points. The time domain data points were cal-
culated assuming only one signal and the relaxation time
equal to maximum evolution times. Figs. 3A and B are ob-
tained using radial sampled data along 3 and 15 different
lines, respectively. The results clearly indicate the artifacts
analogous to those associated with Radon transform of
radial sampled data. Their origin is due to the same ambi-
guity, but in this case for each projection two lines crossing
the cross-peak are observed for which the sum of
cos (/)x1 ± sin(/)x2 is constant. With the increasing num-
ber of sampled lines precision of signal position and its rel-
ative intensity increases proportionally. Similarly as in the
case of Radon transform it is not possible to obtain spec-
trum free of artifacts. The transform of spiral sampled
data, excluding situation when the integer number of / an-
gle increments is equal to p/2 forming set of the lines, be-
haves differently. The comparison of Fourier transform
using differently spiral sampled data is given in Figs. 3C
and D. The obtained spectra exhibit significant differences.
Although the spectrum 3c obtained from spiral data with
only 1/4 of spiral turn is full of artifacts, using of the same
number of points but distributed in 7 turns significantly im-
proved the spectrum quality owing to their better disper-
sion in the time space. The main drawback of radial
sampling is creation of false maxima on the artifact line
crossings in the whole spectrum range, due to their con-
stant intensity. Different situation is observed in transform
of spiral sampled data. In this case, much less artifacts are
observed and they are spread over whole spectrum with
quickly lowering intensity. Thus, superposition of artifacts
is much less likely.

The ideal sampling should uniformly cover the entire
t1/t2 space with as high as possible number of data points.
This is the case of conventional sampling with equispaced



Fig. 3. Comparison of simulated 2D spectra transformed according to Eq. (7) using differently distributed time domain data points. For all spectra 256
time domain t1/t2 points in the range of 0–1 s were simulated using m1 = 50 Hz, m2 = �50 Hz. (A and B) Transformation of radial data along 3 (tilted by /
= 4.5�, 45�, and 85.5�) and 15 (with / incremented in 6� steps) lines, respectively. (C and D) Spectra obtained using spiral data with two spirals going in
opposite directions according to Eq. (14). The maximum / is equal to p/2 and 14p in spectra (C) and (D), respectively. All spectra are plotted in the same
scale allowing to observe artifacts level.
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time domain data points. It is noticeable that in such situ-
ation the result does not depend on the applied transforma-
tion algorithm. However, using as an input for
transformation non-uniformly dispersed time domain data
points generate artifacts whose intensity and appearance
strongly depend on the sampling scheme. This effect atten-
uates obtainable signal-to-noise ratio in such experiments.

The proposed method of processing of multidimensional
NMR data sets is not limited to the radial sampling used in
RD and PR techniques. We demonstrated that the different
sampling schemes like spiral provide much cleaner spectra
due to better dispersion of data points in the evolution time
space. In comparison to RD approach the new method
provides NMR spectra of full dimensionality which could
be analyzed directly, however, sparse sampling might intro-
duce unwanted artifacts. The method could be useful to in-
crease obtainable resolution in the limited experiment time.

Concluding, we shown a simple and general extension of
multidimensional Fourier transform acting on more than
one time variable. Such a procedure allows one to process
arbitrarily sampled multidimensional NMR data signifi-
cantly reducing experiment time while retaining readability
and resolution of high dimensionality. We find that spiral
sampling of time domain provides much cleaner data than
radial sampling in comparable experiment time, however,
the new sampling schemes should be optimized, and a
number of other strategies, as for example differently incre-
mented spirals or even random sampling, could also be use-
ful. The described technique could be also applied for
processing of unconventionally sampled Magnetic Reso-
nance Imaging signals without necessity of time domain
signal interpolation.

2. Experimental

All the spectra presented were recorded for 1.5 mM
13C,15N-labeled ubiquitin in 9:1 H2O/D2O at pH 4.5 at
298 K on a Varian Unity Plus 500 spectrometer equipped
with a Performa II z-PFG unit and a 5 mm 1H,13C,15N-tri-
ple resonance probehead. High power 1H, 13C, and 15N p/2
pulses of 6.7, 14.0, and 44.0 ls, respectively, were em-
ployed. For the radial and spiral sampling the conventional
HNCO sequence was adapted from the Varian Userlib
ProteinPack package by setting evolution times according-
ly to Eqs. (13) and (14), respectively. For all presented
spectra, four scans were coherently added for four data sets
for each t1/t2 data point, the acquisition time of 85 ms and
relaxation delay of 1.4 s were used. For conventional
HNCO spectrum, 40 t1 and t2 increments were measured
for the maximum t1 and t2 times of 23.5 and 25 ms, respec-
tively. In the case of radial and spiral sampling, the radius
was incremented up to 24.2 ms in 80 steps. Cosine square
weighting function was applied prior to Fourier transfor-
mation in both dimensions, and data are transformed for
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128 · 128 · 1024 real points in F1, F2, and F3, respectively.
The radial and spiral sampled t1/t2 interferograms were
transformed on PC with 3.0 GHz Pentium 4 processor un-
der Linux operating system using C code. The computing
time for radial and spiral data was 23 and 15 min, for
240 and 160 t1/t2 data points, respectively. The resulting
real parts of 3D spectra were saved in the format of
SPARKY [28] program.
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